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k>j . Abstract 

d ' We propose a more general method for detecting a set of entanglement measures, i.e. negativities, 

in an arbitrary tripartite quantum state by local operations and classical communication. To 
accomplish the detection task using this method, three observers, Alice, Bob and Charlie, do 
not need to perform the partial transposition maps by the structural physical approximation; 
instead, they are only required to collectively measure some functions via three local networks 
supplemented by a classical communication. With these functions, they are able to determine the 
set of negativities related to the tripartite quantum state. 

PACS numbers: 03.67.Mn, 03.67.Lx, 03.67.Hk, 03.65.Ud 



I. INTRODUCTION 

EntanEflement m plays a vital role in quantum information processiuEf, such as quantum 

n n 

teleportation j2|, quantum key distribution p, and quantum dense code j^. 

Before using the entanglement, one needs to make sure that it really exists in a given sys- 
iem. For an unknown quantum state, one may first perform the quantum state tomography 



a 



which provides the full information about the density matrix, and then evaluate 
the entanglement property in terms of certain criterion and measure. However, the quantum 
state tomography is not very efficient for the detection and measurement of entanglement. 

n r^ 

Horodecki and Ekert proposed the direct methods for detecting !9'] and measuring 10| en- 
tanglement in an unknown bipartite quantum state. Their idea is to obtain the requisite 
eigenvalues by directly measuring some specific functions of the unknown quantum state. 



For example, when checking the positive partial transposition (PPT) criterion [ll|, [ij] in an 
two-qubit quantum state Pab, the observer can get the eigenvalues of the matrix p^^ by 
directly measuring the functions Tr(p^'^)'^, for fc = 2, 3, 4 [9]. Comparing with the quantum 
state tomography, the direct method is parametrically efficient. In Horodecki and Ekert 's 
direct methods, the structural physical approximation (SPA) technique |l3[ and a modified 



acturai pi 



interferometer network |14l . Il5| are employed. Recently, Carteret proved that the SPA is 
unnecessary [l6|, |l7|, which makes the direct methods more feasible. For multipartite en- 
tangled states, based on a set of entropic inequalities, Alves et al. put forward an efficient 
method |lS| for directly detecting entanglement in an optical lattice. The implementation 
of the method is also analyzed theoretically by Palmer et al [l9|. 

It is needful to characterize entanglement within local operations and classical commu- 
nication (LOCC) scenario. Curt y e t al. proved that entanglement is a precondition for 



secure quantum key distribution 



20|. The LOCC schemes for directly detecting a.nd mea- 



suring entanglement in an unknown bipartite state have been addressed in Refs. 



21 



m 



In multiparty quantum communication [2J, |2^ |2a], the multipartite entangled state is an 
essential ingredient. Therefore the LOCC detection and measurement of multipartite en- 
tanglement is worth to be considered. The property of the multipartite entangled state 
can be characterized partially by bipartite entanglement. For example, one can detect the 
entanglement in a tripartite system in terms of a set of PPT criteria, and furthermore, one 
can also quantify it with the corresponding set of negativities J22|. Recently, Hyllus et al. 



designed an LOCC network for directly testing the PPT criterion in a tripartite quantum 
state, which is assumed imphcitly to possess some specific symmetrical properties [28|. 
In this paper, we generalize the network of Hyllus et al. and propose an LOCC method for 



detecting a set of negativities 27[ in the arbitrary given tripartite quantum state. Using this 
method, three observers, Alice, Bob, and Charlie, need only to obtain the eigenvalues of a set 
of partial transposition matrices via the generalized LOCC network, rather than to perform 
the SPA. If the minimum eigenvalue of any partial transposition matrix is negative, the 
tripartite quantum state is entangled and the magnitude of entanglement can be measured 
in terms of the corresponding negativity. 

The paper is organized as follows. In Sec. II, we present in detail the LOCC method for 
detecting negativities in an arbitrary given tripartite quantum state. Then we discuss our 
method in Sec. III. Finally, conclusions are given in Sec. IV. 

II. DETECTING NEGATIVITIES IN AN UNKNOWN TRIPARTITE QUANTUM 
STATE BY LOCC 

Negativity is a nontrivial entanglement measure, which is defined as J27| 

Wp^^W -1 
M{p) = ^4^, (1) 

where || ■ || denotes the trace norm which is the sum of the moduli of eigenvalues for the 
hermitian matrix p^^ . This measure can be computed effectively for any mixed state of an 
arbitrary bipartite system. Moreover, it gives an upper bound to teleportation capacity. 

The negativity can also be used to characterize the multipartite entanglement. Diir et 
al. suggested a useful way to classify the entanglement properties of tripartite quantum 
state pabc by looking at the different bipartite splitting [29[. Therefore, one may use a set 
of negativities, M(a~bc), J^{b^ac), J^(c-ab), A/'(A-m, A/'(a-c) and M(b-c), to quantify the 



corresponding entanglement in a tripartite system 22 1. 

We here develop an LOCC method to detecting the set of negativities without performing 
the SPA. It is assumed that Alice, Bob and Charlie share a number of copies of the unknown 
quantum state Pabc- The quantum state is defined on Hilbert space H = H_a ® 'Hb ® He 
with the dimension as d = d^^ ds^ dc- The main task for the three observers is to obtain 
the eigenvalues of the partial transposition matrices p/bci Pabci Pabci Pabi Pac ^^"^ Pb'c 
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FIG. 1: (Color online) A general network for remotely detecting the negativities in an unknown 
tripartite quantum state. 



within the LOCC scenario. A general LOCC network used to accomphsh this task is plotted 
in Fig.l, which is composed of three local networks. The first part of Alice's local network 
is a modified interferometer circuit (see J9|; cf. IJ, 1 1511) in which a controlled- V^ gate is 
inserted. Here, the function of the shift operator V^ is |l5[ 



Vk\(Pi)\(P2)---\4>k) = \<Pk)\4>i)---\^k-i). 



(2) 



The second part is another interferometer circuit in which a controlled- i?+ (or controlled-/?-) 



gate is inserted. The hermitian and unitary operators -R+ and i?_ are defined as 



R, 



1 1 / 1 -i \ 1 



cr„ 




(3) 



The local networks of Bob and Charlie are the same as that of Alice, except for the different 
choices of the controlled operations in the second part. (In fact, the first part of our LOCC 
network is just the network proposed by Hyllus et al, see Fig.3 in Ref. J28|). In our LOCC 
method, Alice, Bob and Charlie can obtain the eigenvalues of the set of partial transposition 
matrices by making four groups of measurements. In the first group, they implement the 
first part of the LOCC network and then measure the output state of the ancillary qubits 
ai, bi and Ci. In other groups, they implement the whole LOCC network and then measure 
the output state of the ancillary qubits 02, 62 and C2. 

Now we analyze the first part of the LOCC network. This part is composed of three local 
modified interferometer circuits, in which the Hadamard gate and the controlled- V^ gate can 



be represented by the unitary operators 





(4) 



respectively. In this part, the input state is 



Pin{k) = PABC^Paih 



Cl) 



(5) 



where the quantum state Paibici = |000)(000| is the initial state of the ancillary qubits ai, bi 
and ci. After passing through the three interferometer circuits, the input state Pin{k) will 
evolve into 



p'ouAk) = Un,U,.Mh,pUmlul-.U, 



'hV 



(6) 



where Uh^ = H^, ® Hj,^ ® H^, ® I%c and f/^-^, = f/c„,-y^, ® Uc^.-Vsk ® Uc^^^Vct- In the 
output state, what we care about is the quantum state evolution of ancillary qubits ai, bi 
and Ci. After tedious derivations, the output state of the ancillary qubits is found to be 
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where 
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Ti[VAkpf] + Tr[\/^,pf ] + Tr[\/c.pSl = Trp^ + Trp| + Trp^, 
Tr[V:4fcpf ] + Triy^.pf] - Tr[Kc.pf ] = Trp^ + Trp| - Trp^, 
Tr[V:4fcPr] - Tr[\/i,,pf ] + Trf^cApgl = Trp^ - Trp| + Trp^, 
Tr[VAfcpf ] - Tr[\/Bfcpf ] - Trircfcpg'^] = Trp^ - Trp; 
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In the derivation of Eq. ((7j), we made use of the cychcity of the trace and the property 



Trf/'I'p = (Trf/p)*. In Eq. (Q, the relations between the parameters a- , / 3- , 7^ and the 
traces of the corresponding matrices were analyzed in Ref. |l5l . Il6l I21L l23l |28 |. In the first 



group of measurements, Alice, Bob and Charlie measure the expectation values of a^Cg'crzCS'cr^ 
on the output state Paifeici(^)' for A; = 2, 3, ■ ■ ■ , rf. With these expectation values, they can 
get 

Tr[(a. ® a. ® a .) p'^^,^Jk)] = ^['^ + 7?^ + 7?^ + 7?^ 

= ^Tr {p\^c + {P/Bcf + {PiBcf + {P%cf) ■ (10) 

These expectation values can be obtained by collectively measuring the prob- 
abilities -Paifeici(^iO of the output state p'aibidi^) being found in the states 
|000),|001),|010),|011),|100),|101),|110) and |111), respectively, in which a classical com- 
munication is needed. With the probabilities PaJbicii'''J^)^ ^^^ three observers can also get 
the following relations: 

Tr[(a, ® a,)p:,,,ik)] = /3f ) + /^f ^ = i {Trp\^ + Tr(p^1,)'=) 
Tr[(a. ® aM.Jk)] = /^f + /^f = ^ (Trp^^ + Tr(p^-^)'=) 
Tr[(a. ® aM^Jk)] = (3f^ + /?f ^ = 1 (Trp|^ + Tr(p^-^)'=) , (11) 

where Pa^i^^ik), Pa^^i.^) ^"^^ PbiciW ^^^ ^^^ bipartite reduced density matrices of Pa^biaW- 
In Eqs. (10) and (11), the case for A; = 2 is special, which is due to the hermitian property 
of the shift operator V2. Combining the hermitian property of V2 and the definitions of j3i, 
7j, the three observers can have the following relations 

Tr[{a, ® a, ® (T,)p'a,b,cM = Trp^sc = MPa'bc? = Tr(pIV)' = Mp%c? 

Tr[(a. ® a.)p;^,^(2)] = Trp^^ = Tr(p^-^)2 

Tr[(a, a,)p;^,^(2)] = Trp^^ = Tr(p^-^)2 

Tr[(a. ® a,)p',^,^(2)] = Trpl^ = Tr(p^-,)l (12) 

While, for k > 2, the shift operator Vk is not hermitian jl3|, and the three observers cannot 
have the same relations as Eq. ()12j) . From the above analysis, we can see that the three 
observers cannot obtain the requisite eigenvalues in general, unless the tripartite quantum 
state has the symmetrical property Trp^^^ = Tr(p^']j^)'^ = Tr(p^^(^)'^ = Tt{pJ^^^)''. This 
point seems to have been neglected in Ref. 



In order to obtain the eigenvalues of the set of partial transposition matrices for an 
arbitrary given tripartite quantum state, Alice, Bob and Charlie need to make other mea- 
surements. In the second group of measurements, they need to implement the whole LOCC 
network shown in Fig.l, in which they choose the controlled gates in the second part to be 
controlled- /?_ , controlled- -R+ and controlled- -R+, respectively. In the second part, the input 
state is 



P'inik) = p'a^b^c^{k) ® Pa^h^ 



C21 



(13) 



where the quantum state Pa2b2C2 = |000)(000| is the initial state of the ancillary qubits 02, &2 
and C2. Passing through the three interferometer circuits, the input state p'in{k) will evolve 
into the following form: 



P~o^t^{k) = U,,U,^r.U,,pl{k)UluUX2^ 



where f/j 
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In the 



output state Pout^{k)-, what we care about is the quantum state evolution of the ancillary 
qubits a2, &2 and C2. The corresponding output state is found to be 
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.f = 1 - -^af - /3f ) + /5f - /5f + i=r(^), 
4^=^ = 1 - ^«f ) + /5f ) - /5f - /5f + i=r(^ 
4'' = 1 - ^«f ) + /^f'^) + /3f ) + /5('^) - i=r(^'), (16) 

in which F'^'^^ = 7i 72 + 73 + 74 • ^^ ^he second group of measurements, Ahce, Bob 
and Charhe measure the expectation values of a^ ® cr^ (g) a^ on the output state Pa^^c2(^) 
for /c = 3, 4, ■ ■ ■ ,d. These expectation values can be written as 

Tr[{a,^a.^a.)p-j:^M = ^(7^ ^ " 7^ + 7^ + 7f ) 

= ^Tr [p'Xbc - {P^/Bcf + ipllcf + (PaI^c)'] • (17) 

When they consider the expectation values of the bipartite reduced density matrices of 
PaaUal^), they have 

Tr[(a.®a.)p;++(fc)] = /^f^ = ^Trp^^ 



Tr[(a,®a.)p„-++(A:)] = /3f = -Trp'^ 

Tr[(a. ® a.)p,-;+(A;)] = /^f = ^Tripllf . (18) 

The expectation values in Eq. (|17|) and Eq. (J18p can be obtain by measuring the probabilities 
Pa2b2C2 (^iO ol th^ output state P~^^h^c2^k) being found in the states {\ijl)}- 

In the third group of measurements, Alice, Bob and Charlie implement again the whole 
LOCC network. This time, they choose the controlled gates in the second part to be 
controlled- i?_ , controlled- i?+ and controlled- i?_ , respectively. The output state of the an- 
cillary qubits a2, &2 and C2 is 

Pa2t2'c2(^) =Traibicifct~(/i;)] = TTa^h^cAUh2Uc^r2Uh2p'in{^)Uljjl.r2Ul2l (19) 

where Uc-r2 = Uca^^B- ® Uc^^-r^ (g) Uc,^-r_- By measuring the probabilities P^'^btci i^jl) 
of the output state Pa2b2C2^^^ being found in the states {\ijl)}, they can obtain the following 



relations 



TT[{a-,®a.,®a^)p-^,;^^m = ^(7}' ^ + 7^ - 7f + 7f ) 
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Tr[(a,®a,)p,-t(A:)] = /3f = ^Tr(p^^f- 



2 
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2 
where /c = 3, 4, ■ ■ ■ , rf. 



Tr[(a, ® a,)p,-:;(A:)] = /3^'^^ = -Trp^^, (20) 



In the fourth group of measurements, the three observers still implement the whole LOCC 
network, but at this time they choose the controlled gates in the second part to be controlled- 
i?+, controlled--R+ and controlled- i?_ , respectively. The output state of the ancillary qubits 
02, 62 and C2 is 

Pttjk) = Tr,,,,,Jp++-(A:)] = TT,,,,,,[U,,U,^r,U,,pUk)UluUX.l (21) 

where Uc-r^ = Uc,^^r+ ® U^^^r^ ® Uc,^~r_- By measuring the probabilities i^i^^^c^^^^H^iO 
of the output state p'^^^c2^k) being found in the states {|u/)}, Ahce, Bob and Charlie have 

Tr[(a.®a.®a.)p:+-^(A:)] = ^(7^ ^ + 7^ + 7^ - 7^ ) 



^Tr {p\^^ + (p^V)' + (P%cf - (P%cf) 



1. 



Tr[(a.®a.)p+t(fc)] = /^^ = -Tr(pi^, 



Tr[(a,®a,)p+t(A:)] = /5f = -Trp^^ 



Tr[(a, ® cy^)ptt{k)] = /5f = -Trp|^, (22) 



where /c = 3, 4, ■ ■ ■ , d. 

Once Alice, Bob and Charlie complete all the four groups of measurements, they can 
deduce the functions of the set of partial transposition matrices. According to Eqs. (fTT|). 
(m, (HZI), (m, (Uni) and dig), they can get 

Tr(pIV)' = 2Tr[(a, ® a, ® ^.)pl,,,,,(A;)] - 2V2Tr[(a, ® a, ® a,)p-++^(A;)] 
Tr(PAV)' = 2Tr[(a, ® a, ® a,)pl^,^,^(A;)] - 2y2Tr[(a, ® a, ® a,)p-+-^(A;)] 
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where A; = 3, 4, ■ • ■ ,d. Combining the above equation with Eq. ()12|) . they can determine the 
requisite eigenvalues and then the set of negativites J\f(A-BC), -^(b-ac), -^(c-ab), -^(a-b)-, 
M[A-c) and A/'(s-c)- 

III. DISCUSSIONS 

Our LOCC direct method is more parametrically efficient than the LOCC quantum state 
tomography. For a d-dimensional tripartite quantum state pabc, the quantum state tomog- 
raphy needs to measure d"^ — 1 parameters. However, our direct method merely requires to 
measure 4{d — 2) + 1 parameters. Figure 2 shows the number of parameters that need to be 
measured in quantum state tomography (square) and our direct method (triangle) for the 
2(g)2(g)2, 2(g)2(8)3, 2(g)2(g)4 and 2 (g) 3 (g) 3 quantum states. 
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FIG. 2: The number of required parameters in the LOCC quantum state tomography (square) and 
our LOCC direct method (triangle) for some lower dimensional tripartite quantum states. 
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In one-to-two party quantum communication, the observers possibly care only about a 
part of the set of negativities. For example, in the communication of Alice to Bob and 
Charlie, they only want to know the negativities M^a-bc), -^{a-b) and A/'(a-c)- In this case, 
the three observers need only to make the first and the second group of measurements, i.e., 
to measure 2(i — 3 parameters. Then, by comparing the tripartite relations and bipartite 
relations in Eqs. (fTUj). (fTT|) . (fT7|) and (jTHj). they can obtain the target negativities. Similarly, 
if they measure the first and third group of parameters (or the first and forth group of 
parameters), they can obtain {N'{^b-ac),-^{a-b),M^b-c)} (or {N'(^c-ab),-^^{a~c)M{b-c)}) 
in terms of corresponding relations. 

As is known, the majorization criterion [30] is stronger than the entropic inequality. The 
criterion states that if pab is separable then X{pab) -< X{pa) and X{pab) -< X{pb), where 
A(p) is the eigenvalue vector of p. The relation x -< y between two n-dimensional vectors 
means that X]i=i ^i — X]j=i ^H (1 ^ ^ ^ ""-^ 1) and Ym=i ^1 ~ SILi % ' ^^ which the symbol 
"I" stands for the decreasing order of the components of the vector. If the dimensions of 
X and y are different, the smaller vector is enlarged by appending extra zeros to equalize 
their dimensions. In the tripartite system, Alice, Bob and Charlie may characterize the 
entanglement in terms of a set of majorization criteria related to the eigenvalue vectors 
Hpabc), Kpab), A(pac), Hpbc), Kpa), Kpb) and \{pc)- In order to testing the set of 
criteria, they need to perform two groups of measurements, in which 2d — 3 parameters are 
measured. In the first group, they implement the first part of the LOCC network shown 
in Fig.l and then measure the probabilities -PaJ^ci(*iO for /c = 2, 3, ■ ■ ■ , d. In the second 
group, they implement the whole LOCC network in which all the controlled gates in the 
second part are chosen to be controlled-i?+, and then measure the probabilities Pa^^c2(^) ^'^^ 
fc = 3, 4, ■ ■ ■ ,d. After completing these measurements, they can get two groups of relations, 
by which they can obtain the target eigenvalue vectors. 

However, in general, the majorization criterion is weaker than the PPT criterion. Alice, 
Bob and Charlie can use a set of PPT criteria to detect some bound entangled states which 
cannot be detected by the corresponding majorization criteria. The Diir-Cirac-Tarrach 
(DCT) state is just such a kind of quantum state, which takes the form 29| 

PDCT = Y.^o\%){n\+ E ^>^(\^t){n\ + \n){n\), m 

a=± fc=01, 10,11 

where |\l/^) = {\k1k2O) ± \kik2l))/V^, with ki and k2 as the binary digits of k and ki as the 
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flipped ki. When the parameters are chosen to be \q = |, Aq = Aio = and Aqi = An 
the corresponding quantum state is a bound entangled state and its matrix form reads 

/iooooooA 

6 D 

OiOOOOOO 
OOiOOOOO 

D 

00000000 
00000000 
OOOOOiOO 



Pbound 



\ 



OOOOOOiO 

iooooool 



(25) 



in the computational basis {\ijl)}. The method for generating and detecting the DCT bound 
entanglement was given by Hyllus et al. [28|. Here, we redescribe the detection procedure 
with our LOCC direct method. It is assumed that Alice, Bob and Charlie share a number of 
copies of quantum state pbound which is unknown to the three observers. After performing the 
four groups of measurements with the network shown in Fig.l, they can obtain theoretically 
the data listed in Table 1. Combining these data with Eq. ()2H|1 . the three observers can 



<&f^ > 



(k) 






< a 



> 



(k) 



z >{k) 



7 
144 



17 
1296 

13 



19 

5284 

17 



51 
46656 

49 



67 



197 



186624 
65 



1679616 
193 



144^2 1296^2 5184^2 46656^2 186624v^ 1679616^ 

1 7 7 19 23 67 

48v^ 1296^2 5184^2 46656^2 186624^2 1679616v^ 

1 7 7 19 23 67 

48v^ 1296^2 5184v^ 46656v^ 186624v^ 1679616v^ 



TABLE I: Theoretical values of the four groups of parameters for the quantum state Pbound in our 
LOCC direct method. 



deduce that pbound i^ negative and other partial transposition matrices is semi-positive. Based 



on the negative eigenvalue, they can obtain further the MA-BciPbound) = g- Here, it is 
noted that only when an infinite ensemble of identically prepared output state is given can 
Alice, Bob and Charlie determine the parameter precisely. When a finite ensemble is given, 
they can only determine the parameter approximately. Therefore, in order to obtain these 
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parameters with high fidehty, they need to run the network many times. Especially, for k is 
bigger, they need to implement the network even more times. 

Although our method that makes use of bipartite entanglement measures is limited to 
characterize partially the tripartite quantum state, it can occasionally detect the genuine 
tripartite entanglement in some specific cases. For example, in the case of three-qubit quan- 
tum state, when Mab = 0, Mac = and Ma-bc > 0, we can deduce that the entanglement 
in the bipartite splitting A — BC is actually the genuine tripartite entanglement among 
Alice, Bob and Charlie. This is because that the negativities Mab and Mac can characterize 
the two-qubit entanglement sufficiently. When the two entanglements are zero, the resid- 
ual entanglement Na-bc must be the tripartite entanglement. The quantum state ptound 
in Eq. (25) is just the case. Similarly, when AfAB = 0,M'bc = and Mb-ac > (or 
Mac = OjMbc = and Mc-ab > 0), we are also able to judge that Nb-ac {oi Nc-ab) is of 
tripartite entanglement. Certainly, for a general three-qubit mixed state, whether or not the 
tripartite entanglement exists cannot be detected, simply because a well-defined tripartite 
entanglement measure is still unavailable, though a lot of efforts have been made. 

Two problems are worth to remark in our LOCC method. First, the set of negativities 
can only quantify some aspects of the entanglement in a tripartite system. There exists 



some tripartite entangled state 



3l| that is P 



^T with respect to any of the bipartite split- 
28[, there is a potential problem in practical 



ting. Moreover, as pointed by Hyluss et al. 
application of the direct methods, i.e., how to implement effectively the controlled quantum 
gates, especially the controlled-swap gate |32:]. The solution of this problem relies on the 
quantum technology that is currently being developed. 

IV. CONCLUSIONS 

In this paper, we have generalized the direct approach of Hyllus et al. [2^ and proposed 
an LOCC method for detecting a set of negativities in an arbitrary given tripartite quantum 
state. The main task for the three observers is to measure 4((i — 2) + 1 parameters via three 
local networks supplemented by a classical communication. Comparing with the LOCC 
quantum state tomography which requires to measure dP — 1 parameters, our LOCC method 
is more efficient. Moreover, our LOCC method does not require the observers to perform 
the SPA of partial transposition maps, which supports the Carteret's opinion |16| on the 
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three-party scenario, i.e., it is not the only way that they make the quantum state undergo 
the partial transposition map, if Alice, Bob and Charlie want to measure the function of the 
partial transposition of Pabc- 
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